The bilayer Hubbard model with electron-hole doping is an ideal platform to study exciton condensation due to suppressed recombination from spatial separation of electrons and holes. However, suffering from the sign problem, previous quantum Monte Carlo studies could not arrive at an unequivocal conclusion regarding the presence of exciton condensation. Here, we develop a Determinant Quantum Monte Carlo (DQMC) algorithm for the bilayer Hubbard model that is signproblem-free for equal and opposite doping in the two layers, and study the competition between exciton condensation and charge and spin density modulations as a function of electron-hole doping and interactions. For finite electron-hole doping we find that the intra-layer Hubbard interaction enhances (π, π) exciton correlations, and summarize the excitonic, charge and magnetic correlation functions in the parameter regime we study.
Introduction: Predicted in 1926, Bose-Einstein condensation describes the phenomenon in which a fluid of bosons develops a macroscopic occupation of the lowest quantum state at sufficiently low temperature. It was realized soon after that the concept of condensation can be generalized to arbitrary systems of bosonic quasiparticles. One extensively studied, paradigmatic example has been the BCS ground state of Cooper pairs in superconductors [1, 2] . On the other hand, exciton condensation, can be understood in a similar manner by invoking an electron-hole mapping. Experimental realizations of exciton condensation has been achieved in quantum Hall bilayers [3] , semiconductor quantum wells [4] , double bilayer graphene [5] , with a recent experiment demonstrating signatures of exciton condensation in TiSe 2 [6] . Such studies of electron-hole condensates advance our understanding of quasiparticle condensation in general and ultimately may shed light on the strong correlation driven mechanism behind Cooper pair condensation in high-temperature superconductors.
A major obstacle for studies of quasiparticle condensation has been their short lifetime. Specifically for exciton condensation, to suppress electron-hole recombination it was proposed that one could spatially separate electrons and holes into two layers [7] . A minimal model to capture the essence of such systems are bilayer Hubbard models with equal and opposite doping of the two layers [8] . In a condensed matter setting of spin-1/2 fermions, the two-orbital Hubbard model [9] [10] [11] and the bilayer Hubbard model [12, 13] have been used to explore exciton condensation and other excitonic orders [14, 15] . Depending on the on-site Coulomb repulsion U and the orbital or layer energy splitting ∆, the normal state of the system can be a metal, band insulator or even Mott insulator [16] . Both in the strong coupling [17, 18] and the weak coupling limits [19] [20] [21] , two band Hubbard models have been studied extensively before. However, a lack of small parameters limites work done in the intermediate coupling regime [11, 22, 23] . A previous DQMC study [22] observed a tendency for exciton condensation from the measurement of the excitonic order parameter, but could not arrive at an unequivocal conclusion due to a severe fermion sign problem, giving rise to large statistical errors and restricting investigations to relatively high temperatures. Here we develop a sign-problem-free quantum Monte Carlo algorithm for the bilayer Hubbard model at overall half-filling, with equal and opposite doping in each layer; and we investigate exciton condensation in these systems.
Methods: The bilayer Hubbard model studied in this work iŝ
whereĤ 0 is the non-interacting part andV is the interacting part.ĉ † iασ (ĉ iασ ) are creation(annihilation) operators for an electron at site i in layer α ∈ {A, B} with spin σ. The number operator is defined asn iασ ≡ĉ † iασĉ iασ ; t denotes the intra-layer hopping amplitude between nearest neighbors; U is the on-site Coulomb repulsion; V is arXiv:1809.06439v1 [cond-mat.str-el] 17 Sep 2018 
the inter-layer interaction; and ∆ is the single-layer chemical potential. To maintain the overall particle-hole symmetry as required by our sign-problem free alghorithm, layer A and layer B have equal but opposite doping level. All parameters are illustrated schematically in Fig. 1 (a).
We study various ordering tendencies by measuring static spin, charge, and excitonic structure factors. Particle-hole symmetry between the layers means that we can restrict measurements of the charge and spin structure factors to the electron-doped layer(layer A). We define an inter-layer excitonic correlation function as b † q b q , where b † q = kσσ c † k+qAσ c kBσ creates an exciton between A and B layers with momentum q. While we display most results as a function of the chemical potential difference ∆ between the two layers, this directly relates to the average electron density per site, for example in the electron doped layer, as shown in Fig. 1(b) .
To gain some intuition about this bilayer Hubbard model, we can consider two limiting parameter cases when both layers are at half-filling (∆ = 0). In the limit where U t and V = 0, the two layers constitute two decoupled (π, π) antiferromagnets. In contrast, large inter-layer repulsion with V t and U = 0 enforces an out-of-phase checkerboard charge order between the layers.
To gain further insight away from these limits, we perform determinant quantum Monte Carlo(DQMC) [24] [25] [26] simulations with the Hamiltonian to determine the propensity for exciton condensation as a function of electron-hole doping and on-site Coulomb interaction U . In the algorithm, interactions are decomposed via a Hubbard-Stratonovich(HS) transformation, and then the partition function Z = tr(e −βĤ ) = {s} Z {s} = {s} det I + B {s} is re-expressed as a sum over all possible HS field configurations {s}, where I is the identity matrix and B {s} is a matrix depends on the specific HS field configuration in spacetime.
However, the determinant per field configuration can be negative (or even complex) for fermions in generic cases, which is known as the fermion sign problem, leading to exponential scaling of the algorithm with temperature and system size. Over the past few years, a number of algorithms were proposed to "solve" this fermionic sign-problem for specific models and restricted parameter regimes [27] [28] [29] [30] [31] . One possible strategy to prove that the probability weights are positive semi-definite is to show that I + B {s} has an anti-unitary symmetry T, i.e. T 2 = −1 and T −1 (I + B {s} )T = I + B {s} [27] . To achieve this, we perform a single-layer particlehole transformation on the bilayer Hubbard Hamiltonian in Eq (1):ĉ iBσ → (−1) δiσĉ † iBσ where δ iσ is even/odd for neighboring site. Then the interaction term is rewritten as:
The matrix B {s} is then expressed as: whereK is the complex-conjugation operator. Matrix T is related toT by c † Tc =T . One finds that Therefore I + B {s} is symmetric under T provided that λ is purely real andλ is purely imaginary, which implies that the parameter regime that we can study without sign problem is:
Details for the sign-problem-free algorithm are given in the Supplementary Material.
Results and Discussions:
We start from presenting results for the SU (4)-symmetric point [32, 33] , where U = V and ∆ = 0. In this case, the HamiltonianĤ is invariant under the transformationQ : ↓ A →↑ B, ↑ B →↓ A, which entails that the excitonic and spin correlation functions are equivalent to each other. Fig. 1 (c) displays the static spin structure factor for U = V = 6t and various electron-hole doping levels. At the SU (4) symmetric point, there is a sharp peak at (π, π) in momentum space, indicating an SU (4)-symmetric antiferromagnet. As ∆ increases, the system is gradually doped away from SU (4) symmetry. Excitonic and spin correlators cease to be identical, and the peak at (π, π) in the spin channel is suppressed. Fig. 1(d 
is calculated from a corresponding non-interacting bilayer square lattice (see Supplementary Material) . Well expected from static spin structure factor results, the figure shows that the excitonic correlation function has a peak at (π, π) in momentum space. Fig. 2 displays excitonic correlations measured away from SU (4) symmetry. For U = V = 6t at finite electronhole doping ∆, the peak at (π, π) survives, though is FIG. 3. (a) Static charge structure factor measured at ∆ = 0(left) and ∆ = 0.5(right) for U = 5t, V = 6t. (b) Static charge structure factor measured at various ∆ along the high symmetry cut in the first Brillouin zone. (c) Excitonic structure factor measured at various ∆ along the high symmetry cut in the first Brillouin zone.
slightly suppressed as ∆ increases [ Fig. 2(a) ]. In contrast, for U = 5t, V = 6t, the excitonic correlation peak at (π, π) shows up solely beyond a certain electron-hole doping level ∆ ≈ 0.4t [ Fig. 2(b) ]. The (π, π) excitonic correlation peak, which can be interpreted as a largely increased occupation of the single-quasiparticle state with momentum (π, π), is distinct from what can be expected for a simple non-interacting boson condensate, where the lowest energy state, usually associated with momentum zero, is macroscopically occupied. This might be a result of the perfect (π, π) nesting, and thus a (π, π) instability, in the weak-coupling limit of the model we study. It is noteworthy that the exciton condensation at a nonzero momentum is not unique with our bilayer Hubbard model. In fact similar behaviors have been predicted by theoretical works in electron-hole bilayers with large density imbalance [34, 35] and more recently, in coupled Hubbard chains depicting Ta 2 NiSe 5 [36] . Whether a common thread behind non-zero momentum exciton condensation exists needs further study. Fig. 3(a) shows the static charge structure factor S C (q) for U = 5t, V = 6t. At ∆ = 0, though away from SU (4) symmetry, S C (q) exhibits a sharp peak at (π, π) in the momentum space, indicating a tendency to form a (π, π) charge density wave order. However, a finite electron-hole doping level suppresses the (π, π) charge structure factor peak already for ∆ = 0.5t. Crucially, Fig. 3(b) , (c) depict a competition of excitonic and charge static correlation functions as a function of ∆, suggesting that the suppression of charge order is accompanied by a transition to an exciton condensation. This behavior is consistent with the result of a previous study on the same extended Hubbard model in the similar parameter regime [13] . We can understand this qualitatively by considering the following situation in the bilayer Hubbard model. When charge density wave order presents in the bilayer system, an electron in layer A can always pair with a hole from the corresponding site in layer B. So electron-hole bound states tend to happen locally, which gives a peak of excitonic correlation function at (0, 0) in real space. Thus in momentum space the excitonic correlation function is finite and uniform instead of sharply peaked at (π, π). Fig. 2(b) and Fig.  3 (a) present exactly this behavior. Fig. 4 summarizes the competition of charge, spin and excitonic order in the parameter space we have studied. Fig. 4 (a) to (c) show the relative value of the correlators at (π, π) for different order parameters. When U approaches V and for large electron-hole doping, we find a (π, π) excitonic insulator, whereas a charge density wave is stabilized at lower U and smaller electron-hole doping. In the parameter regime under consideration, the SU (4) antiferromagnet persists only in a small parameter space in the vicinity of the SU (4) symmetric point.
The enhanced excitonic correlation we have found in our study, after a single layer particle-hole transformation of layer B, is equivalent to an enhanced inter-layer s ±wave superconductivity pairing in bilayers with attractive V . It is natural to also investigate superconducting orders in the original repulsive V model. However the pairing correlators we have measured, including s-wave and d -wave pairing, are always found to be exponentially decay as a function of distance in real space, as expected from a system that exhibits perfect nesting of the Fermi surfaces at weak coupling. Details can be found in the Supplementary Material.
Conclusion: In summary we have developed a signproblem free DQMC algorithm for parameter region |U | ≤ V . With this tool in hand, we have examined the competition of spin, charge and excitonic order in a bilayer Hubbard model on the square lattice. At the SU (4) symmetry point where the inter-layer and intra-layer interaction are the same, the excitonic correlator, which is equivalent to the spin structure factor at this point, shows an enhancement at (π, π) in momentum space, indicating a (π, π) exciton condensation. This excitonic order persists away from the SU (4) point and appears as a competing order with (π, π) charge order in the parameter regime we have explored. It is worth mentioning that the algorithm works for any bipartite lattice including the hexagonal lattice, as well as for adding certain terms to the Hamiltonian in Eq (1), e.g. Zeeman-like terms ∆ Z i,α (n i,α,↑ −n i,α,↓ ). Thus this algorithm can be further extended to study systems like bilayer graphene in external magnetic field. 
